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ABSTRACT 
The complex wavelet Transforms CWTs are known for their excellent edge preserving together with 
nearly shift invariant features. They are implemented as two real DWTs connected in parallel. These 
two DWTs are designed such that their wavelet coefficients form a nearly Hilbert transform pairs at 
every decomposition level. This paper, presents a new orthogonal filter design for these CWT Hilbert 
transform pairs. The proposed design satisfies in a least squares sense, the Hilbert constraints over the 
filter's pass-band. In the meantime, the half band properties of the orthogonal filter, are guaranteed. 
Simulation results show that the designed filter is nearly shift invariant. Next, the designed filter was 
used in image de-noising. In this respect, the bivariate shrinkage algorithm is used to threshold the 
magnitudes of the CWT wavelet coefficients. Unlike earlier designs that suffer from excessive 
processing time, a simple model is proposed to model the dependence between the magnitudes of the 
wavelet coefficient and its parent at adjacent sub band. This allows the derivation of a closed form 
expression for the thresholded magnitudes. Subsequently, a fast estimation of the clean wavelet 
coefficient, at every pixel and every sub band is obtained. Several illustrative examples are given to 
verify the superior de-noising performance and their nearly shift invariance features. 

 

I. INTRODUCTION 
The Discrete Wavelet Transform DWT has been extensively used in the last decades, in many signal 
processing applications. This is due to its ability of providing efficient time-frequency analysis of 
signals/images. However, in spite of this efficiency, DWT suffers from some drawbacks: Namely, shift 
variance, aliasing and lack of orientations [1-4]. For example, to clarify the DWT lack of orientation 
feature, consider Fig.(1). It illustrates the idealized frequency spectrum of the LL, LH, HL and HH 

wavelets. This figure indicates that the HH wavelet mixes  orientations. Consequently, it fails to 
isolate these two orientations. 
One way to overcome these drawbacks was found through reducing the wavelet coefficients to be an 
analytic function. The Complex Wavelet Transform CWT, achieves this goal. Different approaches 
have been proposed to implement CWT [1-4]. One approach is based on splitting the output of the 

high pass branch of a 2-channel low-pass/high-pass filter bank  into positive and 

negative frequency components through processing it with and 

) respectively, [1-2]. However, although this approach suffers from unavoidable 
bumps along the negative frequency axis, (where the frequency response is supposed to be zero).  

An alternate approach that avoids these drawbacks was found through constructing dual tree DWT [3], 
shown in Fig. 2. In order to maintain the properties of CWT, the wavelet functions of the upper and 
lower trees must constitute a Hilbert pair at every decomposition level, [4-7]. It has been shown that to 
fulfill this Hilbert pair relation; the first and succeeding stages filters of the upper and lower tree must 
satisfy the condition [4-5] 

 

 

r is no. of decomposition levels and j is the stage index.  
In [6-7], two techniques were described to orthogonal CWT filters fulfilling this half sample delay 
requirements, namely the maximum flat delay [6] and the quarter phase delay, [7]. However, these 
approaches satisfy the prescribed delay of 1 & 0.5 samples, over the whole frequency band irrespective 

of the magnitude response of . In [4], the half sample delay is optimally satisfied over the 

filters’the filter's passband. However, the half-band feature implied by the filter’s orthogonality [4], is 
not guaranteed.  

In this paper, a new design technique for orthogonal CWT filter banks is proposed. Unlike earlier designs [4],[6-

7], each of the dual tree filters  constitute an exact half band filter [8], while satisfying in a least 

squares sense, the desired group delays relations of Eq.(1), over the filter's bandwidth. The paper also investigates 
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image de-noising, realized using this new orthogonal CWTs. In this respect, themagnitudes of the CWT coefficients 
at different sub-bands, are thresholded using the bivariate shrinkage technique proposed in [9]. This technique, 
utilizes the strong dependence between the noisy wavelet coefficients and their parents in adjacent sub-bands, to 
estimate the optimum thresholding levels that maximize the likelihood of a clean image. Therefore, it is more 
efficient than the classical thresholdingtechniques that assume their independent, [10-12]. Although the idea of 
CWT magnitude thresholding has recently been proposed in [13]. Yet the inability to estimate a closed form solution 
to the thresholding level renders the technique to be computationally very expensive, *(as it is reported there to 

take more than 19000 seconds). In this paper, a simple model is proposed to model adjacent CWT sub band 
magnitude dependence. This in turn, allows the derivation of a closed form estimation of the thresholded magnitude, 
for every coefficient and thereby overcome the excessive computation time drawback of [13].  Simulation results 
have shown that this new de-noising technique coupled with the new orthogonal CWT design, compare very well 
with the existing techniques. Improvements are more significant in case of Salt & Pepper noise contaminations. 

The paper is organized as follows: Sec. 1, introduces the paper. Sec. 2 briefly describes CWT implementation 
techniques. It also presents the proposed Orthogonal CWT design techniques. Sec.3 investigates the application of 
proposed bivariate CWT magnitude shrinkage technique in image de-noising. In sec. 4, several illustrative examples 

are given to verify the performance of the proposed technique. Finally, sec. 5 concludes the paper. 

II. THE ORTHOGONAL CWT FILTER DESIGNS 
A. CWT Implementation Background 
The 1-D CWT decomposes the signal f(t) along different sub bands as, 

 

where  denote the complex detail and approximation coefficients, respectively at scale s and dilation k. 

The sub band wavelet ,  follows similarly. Note, 

denotes the upper tree wavelet, while  denotes the lower tree wavelet. Similarly, the 
2D-CWT decomposes an image I(x,y), using dilations and translations of a complex scaling function and six 

complex wavelet function. The directions of these six sub bands of the 2D-CWT are ( ), 
as shown in fig.(3). 

�

 
Fig. 2, shows these six oriented wavelets.  Thus, the 2D CWT decomposes an image I as 

 

The 2D-CWT is 4-times expensive when compared using the 2D DWT, [14]. It is implemented as four separable 2-
D DWTs operating in parallel. These 4 DWTs, use 4 sets of FIR filters. These sets are, the basic set of Eq. (1), 
together with 3 other sets obtained by interchanging the first and succeeding filters of the upper and lower trees, 
respectively. Next, to have an oriented 2D DT-CWT, the sum and difference of every sub-band coefficient are 

computed to obtain six oriented wavelets in six directions. The sum wavelet is interpreted as the real wavelet , 

while the other difference wavelet is interpreted as the imaginary wavelet .  

B. The Proposed Perturbed CWT Filter Design 

According to Eq.(1), the orthogonal CWT filter pair  must satisfy the following: 

1. The function  and must be a half band function [8]. 

2. The group delay  of the rational function  should approximate in a least squares sense, the 

values for the first stage filter, and  for the succeeding stages. 

Without loss of generality and in order to simplify CWT evaluations, let . 

This means that is an all-pass function. Subsequently,  solely determines the complete 

CWTsystem.Now, to meet these two constraints, we propose the perturbed design method described as follows: 

1. Initially, determine the parameters  of as the least squares solutions of nonlinear equations. 

of these equations describe the half band relations of (due to its symmetrical feature), while 

the last M equations describe the group delay deviations over M uniformly distributed frequency points 

over the filter's pass band . 
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2. Although the solution of step 1 manages to minimize the group delay deviations, yet the half band 

constraints are not exactly met. In order to exactly satisfy the band constraints, 's are perturbed by . 

These 's are determined to exactly fulfil the half band constraints. Further, in order to prevent from 

degradation over the pass band, group delay behaviour has to be considered in the determination of the 

's. We propose to determine 's that minimize the peak pass band group delay deviation as well as 
satisfying the half band constraints. 

Finally, note that if has Kvanishing moments at , then it is expressed as 

 

And subsequently, its length . 

To clarify the proposed design, consider the design of an orthogonal CWT system, with is a 

order FIR and . This means . The 8 unknowns of are initially optimally chosen to 

minimize the group delay deviations from for the first and succeeding stages, respectively. Next, these 8 
coefficients are further perturbed to exactly meet 5 half-band constraints while minimizing the peak absolute pass-

band group delay deviations from . Simulation results have revealed that the peak absolute error of the half band 
constraints is less than 0.0002. Table 1, gives the optimized first and succeeding stages CWT filters. Fig.(2), 
compares the delay performance of the proposed design, with an equivalent design using the Matlabdtfilters('dtf2') 
function [14]. It is clear the proposed orthogonal CWT filter design manages to minimize the pass band group delay 
while maintaining an exact half band features. 

 
Table 1: CWT first & succeeding stages CWT filter, K=2. 

           

 0.0005 -0.0086 -0.0732 0.3621 0.8526 0.3621 -0.0732 -0.0086 0.0005 0.0000 

 0.0090 -0.0097 -0.0945 0.2248 0.7945 0.5522 -0.0141 -0.0625 0.0120 0.0026 

 

III. APPLICATIONS IN IMAGE DENOISING 
 In this section, we extend the bivariate shrinkage algorithm of [9], to denoise CWT systems for both Gaussian 
as well as Salt & Pepper noises. We propose to apply the bivariate shrinkage algorithm [15] to threshold the complex 

magnitudes of the real and imaginary wavelet coefficients of the CWT, at every sub band. The noisy children  

and parent magnitudes  at the sub band are related to its noiseless ones, by 

 

 

where  and , are the real and imaginary wavelet coefficients of the children , and parent 

 coefficients, respectively. Note that  is interpolated by 2, to make its size the same as . 
  
To see the effect of noise on the dependence of the CWT children and parent coefficients at adjacent decomposition 

scales, consider Lena image. The image is contaminated with zero mean Gaussian noise with  

as well as Salt & Pepper noise with . In both cases, the images are decomposed into 6 levels using the 10-
tap CWT filters described in Sec.II. A. 

The magnitude distribution of the first level  sub band of upper tree is considered.  Fig.(3), shows the contours 
of the joint distribution of children and parent magnitudes for noiseless and noisy cases. The figure also shows the 

pdf distribution of  of the children magnitude. These plots leads to the following observations: 

1. In the Gaussian noise case, the noisy magnitude has a Rayleigh shaped distribution. On the other hand, it 
has an exponential shape in the Salt & Pepper case. 

2. The CWT magnitudes of  and of the children and parent coefficients at adjacent sub bands, are 

highly dependent. This is manifested by the spread of the contour plot. Denoising makes them nearly 
independent, as fig.(3) indicates. 

In case of zero mean Gaussian noise, each of the noises is independent Gaussian noise with variance 

that is empirically  estimated [12], 

 

MADdenotesMaximum Absolute Deviation[12,16,17]. Thus, the Maximum Likelihood Estimation (MLE), of the 
clean magnitude coefficients amount to maximizing:  
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i.e.  

 

Thus, in order to have a closed form solutions of the clean that maximize Eq.(8), we express 

using a formulation similar to that used in the first model of [9], i.e. 

 

where C is a normalizing constant, is estimated as . and are variances of and 

respectively. 

In the Salt & Pepper case, the noise variance , is accurately estimated using the pdftechnique proposed in 
[11],rather than the Gaussian based empirical estimation of Eq. (7). Fig.(4), verifies the similarities between the 
actual and proposed joint distributions for both Gaussian as well as Salt & Pepper noises.The denoised wavelet 

coefficients can be obtained through finding that maximize the probability likelihood. Taking the log and 

differentiating Eq. (9) with respect to , yields 

 

where the soft thresholding function  if  and zero otherwise. Subsequently, the thresholded wavelet 

coefficients , at every decomposition scale are obtained by thresholding the corresponding noisy wavelets 

by the ratio . 

As the bivariate shrinkage thresholding technique makes the wavelet coefficients at adjacent sub bands nearly 
independent, further univariate denoising improvement is proposed. The denoising improvement is achieved by 
applying the MLE[18] technique on the thresholded magnitude of each stage independently to obtain the clean 

. According to Fig.(3), of the bivariate shrinkage thresholded magnitude in Gaussian noise case can 

be modelled as 

 

are optimally chosen through fitting to the actual thresholded magnitude distribution. As in Eq. (10), the 

MLEof the clean  are  

 

 

In the Salt & Pepper case, we model the denoised  as 

 

where &  are estimated by least squares fitting to the actual complex magnitude distribution of every sub 
band of the CWT. Again, the MLE is used to maximize the probability of having a clean coefficient. It yields 

 

 

In both noise cases, the proposed denoising scheme implements the preceding steps through evaluating 
1. The noise variance in both cases, is estimated from the first scale decomposition of the upper and lower 

trees, respectively. 

2. In order to estimate  needed in Eq.(9), and  have to be estimated. They are estimated as the peak 

powers of the coefficients . Then, and . 
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IV. SIMULATION EXAMPLES 
 In this section, the performance of the proposed magnitude bivariate shrinkage d-enoising algorithm is tested 
when implemented using the following CWT filters: 

1. The proposed perturbed CWT filters designed in sec. II. 
2. Other CWT filter designs namely Max. Flat [6], Matlab ("dtf") [14], as well as optimized half sample delay 

[4]. 
Comparisons were also made with the HMM denotes Hidden Markov Model de-noising technique [10]. The wavelet 
families used in the HMM case , is 'sym5,sym6' to yield orthogonal filters of lengths 10 and 12, respectively. 

For space limitations, only two  grey scale images contanminated with Gaussian as well as Salt & Pepper 
noise, were considered. The simulations were carried out using the above CWT filters, as well as our CWT filter 
design using different lengths N and vanishing moments K. The number of decomposition levels is 6. In the Salt & 

Pepper case, the noise variance  is estimated using the pdf technique described in [11], rather than the empirical 
median based method Eq. (7) that fails to achieve any de-noising. Tables (2-3), compare the performance of these 
de-noising techniques, with the proposed Magnitude shrinkage de-noising scheme. In these tables, Magn1, denotes 
the basic thresholding step of Eq. (10), while Magn2 refers to the improved thresholding step using Eq. (12) in the 
Gaussian case and Eq. (14) in the Salt & Pepper case. The 3rd column of these tables, tabulates the de-noising 
performance when the bivariate de-noising algorithm of [9] is implemented using each of these above mentioned 
CWT filters. Fig.(5), shows some of the simulated noisy and denoised images obtained for an orthogonal CWT, for 

N=12, K =2. These results indicate the followings: 

• The proposed Magnitude Shrinkage de-noising algorithm, has the highest de-noising performance over all 
other de-noising scheme  considered. Further the proposed CWT filter design , still yields the highest 
denoising performace even if the proposed de-noising scheme is implemented using other CWT filter 
designs.  

• The accurate estimation of the noise variance in the Salt & Pepper case, yields a significant de-noising of 

Salt & Pepper noisy images, where median-based estimation fails to yield any improvements. 

Finally, as stated in [13], their proposed CWT de-noising algorithm requires excessive computation time. It requires  
more than 190000 sec to achieve de-noising. This is compared with about 8.2 sec. for the same moise levels, while 
yielding roughly the same de-noising effects. The simulations were carried out on PC core i3 CPU @ 3.3 GHz and 
4 GB RAM.  

V. CONCLUSION 
This paper presents a new method for the design of orthogonal CWT filter banks. These orthogonal filters have an 
exact half band properties while satisfying in a least squres sense, the desired group delay over the useful filter's 
pass band. Although the technique is maily concentrated on the CWT case, yet it can be easily extended to design 
filters with any prescribed group delay.These new filters have been used CWT image de-noising. In this respect, the 
paper proposes a simple model to describe the joint correlations between the CWT complex magnitudes of the 
children and adjacent parent sub-bands. This leads to closed form formulas for thresholding the magnitudes in order 
to maximize the likelihood of a clean image, and speeds up the de-noising process. Simulation examples have shown 
that the proposed de-noising technique when implemented using the new CWT filter design; competes very well 
with the existing techniques. Its superiority is more evident in case of Salt &Pepper noise, where classical techniques 
normally fail. 

Table 2: Lena image Gaussian and Salt & Pepper noise cases 

Case 

Gaussian Noise Salt & Pepper Noise 

Noise PSNR = 14.7097 dB Noise PSNR = 18.2735 dB 

N = 10, K=2 N = 12, K=2 N = 10, K=2 N = 12, K=2 

  [9] [9]  [9] [9] 

HMM [10] 23.4237 23.4237 19.0005 19.0005 

Max. Flat [6] 24.759 24.725 24.620 23.893 24.618 24.531 26.443 26.402 22.807 25.583 26.061 23.206

dtf 2 [14] 25.128 25.087 25.007 25.113 25.162 25.108 26.868 26.824 22.364 26.760 26.744 22.348

Opt. Delay [4] 25.207 25.168 25.084 24.734 25.028 24.965 27.021 26.914 22.678 26.126 26.401 22.517

Proposed 

Perturbed 
25.278 25.242 25.166 25.235 25.242 25.177 26.933 26.889 22.620 26.903 26.859 22.689
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Table 3: Cameraman image Gaussian and Salt & Pepper noise cases 

Case 

Gaussian Noise Salt & Pepper Noise 

Noise PSNR = 14.718 dB Noise PSNR = 18.087 dB 

N = 10, K=2 N = 12, K=2 N = 10, K=2 N = 12, K=2 

  [9] [9]  [9] [9] 

HMM [10] 22.252 22.252 18.775 18.775 

Max. Flat [6] 23.646 23.637 23.495 22.047 23.408 23.310 25.261 25.430 22.405 23.363 24.423 22.352

dtf 2 [14] 24.017 24.013 23.924 23.893 23.963 23.876 25.648 25.869 21.900 25.630 25.793 21.885

Opt. Delay [4] 24.150 24.136 24.042 23.241 23.688 23.603 25.795 25.934 22.755 25.199 25.548 22.233

Proposed 

Perturbed 
24.103 24.097 23.984 24.038 24.063 23.971 25.933 25.901 22.757 25.881 25.830 22.387
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Fig.2: The group delay behaviour for the first and succeeding stages of the proposed CWT filter designs 

and Matlab dtf filters.      (a) .       (b).   
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Fig. 4: Actual and proposed model joint distribution of LH1 children and parents of noisy Lena image.  

(a): Gaussian noise case.(b): Salt and Pepper case 
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